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Mixing layers composed of fuel and oxidizer streams passing through straight channels are studied by performing

two-dimensional numerical simulations. Both nonaccelerating and accelerating mixing layers are studied. In the

nonaccelerating cases, the flow remains at low subsonic speed throughout the channel. In the accelerating cases, the

flow accelerates from low subsonic speed to low supersonic speed through the channel. In this paper, we focus on the

development of the mixing layers from laminar flow to the transition regime. The full Navier–Stokes equations

coupled with multiple-species equations and the energy equations with chemical reactions are solved using a finite

difference numerical scheme. Both forced and unforced instabilities are considered, but the use of forced

disturbances is found to be not essential to this study. The reacting mixing layers with or without acceleration are

more unstable than the corresponding nonreacting mixing layers in terms of the fluctuations of kinetic energy. For

the reacting cases, both positive and negative vortices are produced. The positive vorticity is generated by the

baroclinic effect associated with the large density gradient and is more pronounced in the reacting and accelerating

case, inwhich a large pressure gradient exists. The acceleratingmixing layers show stabilizing effects, and the overall

chemical conversion rate reduces due to the acceleration.

I. Introduction

D ESIGNERS of jet engines are attempting to increase the thrust-
to-weight ratio and to widen the range of engine operation.

Because the flow in a turbine passage is accelerating and power is
extracted from the flow, it is possible to add heat without raising the
flow temperature beyond the turbine-blade material limit. Sirignano
and Liu [1,2] showed by thermodynamic analysis that the thrust of
aircraft turbojet and turbofan engines can be increased significantly
with little increase in fuel consumption by intentionally burning fuel
in the turbine stages. For ground-based gas turbines, benefits have
been shown to occur in the power-to-weight ratio and efficiencies [1].
An exothermic chemical reaction in the accelerating flow through a
turbine passage therefore offers an opportunity for a major
technological improvement. In addition to improving thrust or
efficiency, this technology also shows promise in reduced pollutants
formation due to the reduction of peak temperature in the combustion
process of the accelerating flow.

The geometry of the turbine passage is rather complex. To
simplify the problemwhile retaining the major physics in the present
study, we create a model problem in this paper in which a mixing
layer of fuel and oxidizer streams going through a channel with
imposed streamwise pressure gradients is studied. We are not
performing numerical simulations on the actual flows in a turbine
passage; instead, we focus on the fundamental physics such as the
effects of streamwise acceleration on the instability and the chemical
reactions in the reacting and accelerating mixing layers.

There has been little previous research on steady-state
multidimensional flows with mixing and chemical reactions in the

presence of strong pressure gradients. Research has been done on
high-speed nonaccelerating and reacting flows. A comprehensive
literature review was done by Sirignano and Kim [3]. In that paper,
they also obtained similarity solutions for laminar two-dimensional
reacting and nonreacting mixing layers with a favorable pressure
gradient in the primary flow direction. Fang et al. [4] extended that
study to mixing layers with arbitrary pressure gradients by using a
finite difference method for the boundary-layer equations. The
influence of pressure gradients, initial temperature, initial pressure,
initial velocity, and transport properties were studied. Mehring et al.
[5] performed a numerical study on a reacting turbulent accelerating
mixing layer based on the laminar boundary-layer calculations by
Fang et al. [4]. Cai et al. [6] developed a finite volume method for
solving the two-dimensional compressible Favre-averaged Navier–
Stokes equations with chemical reactions using the Baldwin–Lomax
turbulence model.

Although the steady-state calculations provide important insight
into the fundamental physics ofmultidimensional mixing layers with
chemical reactions and strong pressure gradients, they are unable to
describe the mechanism by which the flows evolve being from
laminar to turbulent. Motivated by this, our primary objective of this
paper is to investigate the instability of two-dimensional reacting and
accelerating shear layers from the linear stage to the early transitional
stage and its effects on the combustion process. As a result, the
understanding of the instability of nonreacting and nonaccelerating
shear layers serves as a foundation of our research.

The instability of nonreacting and nonaccelerating mixing layers
has been studied extensively by experiments, stability theory, and
numerical simulations. A comprehensive overview of those works
can be found in Ho and Huerre [7]. Studies of the development of
vortical structures in unstable mixing layers are of particular interest
to our research. The roll-up of the vortex sheet and the pairing and
merging of the vortices have tremendous influence on the mixing of
two fluids, the growth of the boundary layers, and hence the
combustion process. An early theoretical work was done by
Michalke [8] in an attempt to study the formation of vortices in free
boundary layers by means of stability theory using a hyperbolic-
tangent velocity profile. By examining the vorticity distribution of
the perturbed flow, they found a tendency of roll-up of the vortex
layer. Roll-up of a laminar boundary layer and pairing of vortices
were also observed by Freymuth [9] in experiments.

The interaction of two-dimensional vortices in a mixing layer was
studied by Winant and Browand [10] experimentally. Pairings of
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discrete vortices were observed, and they occurred continuously
throughout the channel. It was also found that the momentum
thickness had a linear growth with downstream distance in the region
where pairing of vortices occurred repeatedly. The merging of
vortices in unforced mixing layers appears in an unpredictable
fashion, because the flows are excited by random noises. However,
one canmanipulate themerging process by applying external forcing.
Ho andHuang [11], by perturbing themixing layer with subharmonic
frequencies, managed to control the number of vortices that merge
simultaneously. Moreover, the locations of merging became
localized. Davis and Moore [12] performed a numerical study on
vortexmerging in mixing layers and found consistent results with Ho
and Huang [11]. They were able to predict and control the merging
patterns of the discrete vortices. Numerical simulations of three-
dimensional temporally evolving plane mixing layers were
performed by Moser and Rogers [13,14]. Infinitesimal three-
dimensional disturbances were imposed initially. Spanwise vorticity
rolled up into corrugated spanwise rollers, and predominantly
streamwise rib vortices developed in the braid region between the
spanwise rollers. The development of three-dimensionality, the
nonlinear evolution of three-dimensional disturbances with spanwise
vortices during pairings, and the transition mechanisms were studied
in detail. Although the development of three-dimensional structures
are absent in our two-dimensional study, we focus on the early stages
of transition in which the development of the mixing layer is
dominated by a 2-D mechanism. So our 2-D simulations will be able
to capture the important physics.

In reacting mixing layers, the stability characteristics could be
different from those in nonreacting mixing layers due to the
modifications of the flow profiles caused by the chemical reactions.
The effects of heat release on the instability of reacting mixing layers
were studied by Shin and Ferziger [15] by linear stability theory. An
inviscid low-Mach-number stability equation was derived and
solved numerically. With a sufficient amount of heat release,
multiple unstable modes (referred to as the outer modes) in addition
to the central mode (the unstable mode associated with the central
inflection point of the mean-velocity profile) were found. The outer
modes arose due to the modifications of the density and velocity
profiles caused by the chemical reactions and were quite insensitive
to the further increases in heat release. The central modes were
suppressed significantly by the further increases in heat release so
that the outer modes could become the dominant unstable modes.
Shin and Ferziger [16] extended their previous work to include
effects of high Mach numbers. Multiple supersonic unstable modes
were found in both the nonreacting and reacting flows when the
phase velocity of the disturbance was supersonic relative to the
freestream. The supersonic modes became less unstable with
increasing Mach number but more unstable with increasing heat
release. These modes seemed not to enhance mixing of the two
streams.

Direct numerical simulations (DNS) of reacting mixing layers
show general agreements with linear stability analysis. McMurtry
et al. [17] performed direct numerical simulations of a low-Mach-
number two-dimensional mixing layer undergoing a single-step
exothermic chemical reaction. The results showed that the rate of
chemical products formed, the thickness of the mixing layer, and the
entrainment of mass into the layer all decreased with increasing rate
of heat release. In another three-dimensional DNS study by
McMurtry et al. [18], reduction in the entrainment of the reactants
and the global reaction rate was again observed. They found that the
baroclinic torque and thermal expansion in the mixing layer
produced changes in the flame vortex structures that caused more
diffuse vortices than in the constant-density nonreacting case. The
rotation rates of the large-scale structures were lowered, resulting in
reduced growth rate and entrainment of the unmixed fluids. Soteriou
and Ghoniem [19] also performed a two-dimensional numerical
simulation on the vortex dynamics of a low-Mach-number, forced
spatially developing, high-Reynolds-number, reacting shear layer.
Overall reduction of the cross-stream growth of the mixing region
was found, and the entrainment of fluids and vortex merging were
also inhibited.

Hermanson and Dimotakis [20] also found consistent results with
linear stability theory and DNS by conducting experiments to
examine the effects of heat release in a planar reacting mixing layer
formed between two streams. The adiabatic temperature in the
experiments corresponded to moderate heat release. Their results
showed that the growth rate of the layer decreased slightly with
increasing heat release, and the overall entrainment of mass into the
layer was substantially reduced. They also found that the mean
structure spacing decreased with increasing temperature and
suggested that the vortex amalgamation was inhibited.

In the present paper, mixing layers composed of fuel and oxidizer
streams in straight channels are studied by performing numerical
simulations. The main objective is to study the accelerating and
chemically reacting mixing layers undergoing transition. The
discussions of the governing equations and numerical scheme are
presented in Sec. II. The boundary conditions are given in Sec. III.
The unforced nonaccelerating cases are presented in Sec. IV.A, and
the effects of forcing on the nonaccelerating cases are discussed in
Sec. IV.B. The unforced mixing layers with streamwise acceleration
are presented in Sec. IV.C, and the forced accelerating mixing layers
are presented in Sec. IV.D. The concluding remarks are given in
Sec. V.

II. Governing Equations and the Numerical Method

The flow within a turbine-blade row is at high speed and often
transonic. There are large streamwise and transverse gradients of
pressure, density, and velocity in theflowfield. Because the geometry
of the turbine passage is rather complex, we simplify the physical
model to a straight converging–diverging channel in this paper. For
this simplified geometry, the physics associated with the streamwise
acceleration is retained but the effects of transverse acceleration are
absent. The study of a curved converging–diverging channel in
which strong streamwise and transverse pressure gradients exist is
underway; however, it is beyond the scope of this paper. Because we
only considerflows evolving from laminar stage to transitional stage,
small-scale turbulent structures are not resolved in this paper. Also, at
the early stage of transition, the development of the mixing layer is
dominated by large-scale two-dimensional vortices [10]. The two-
dimensional simulations are able to capture the important physics of
the mixing layer in its early stage of transition while maintaining
relatively low computational cost. The effects of three-
dimensionality will be neglected as an approximation.

The geometry of the computational domain and the flow
configuration are shown in Fig. 1. The mixing layer enters the
channel from the left through the inlet plane. The upper stream is air

Fig. 1 Top and side views of the converging–diverging channel;

subscript 1 denotes air and subscript 2 denotes fuel.
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and the lower stream ismethane in all cases. The channel width in the
z direction is given as �. Because theflow is two-dimensional, there is
no variation of flow properties in the z direction, and � only serves to
impose streamwise pressure gradients to the flowfield; � varies in the
x direction only and it is designed in such a way that the mixing layer
will be choked for the given inlet conditions and back pressure. For
the nonaccelerating cases, � is constant throughout the channel.

The governing equations, with the channel width incorporated, are
the two-dimensional, compressible, multicomponent, modified
Navier–Stokes equations with chemical source terms. There are a
total of eight governing equations. They are the continuity equation
for the total mass density, the momentum equations in the x and y
directions, the energy equation, and the continuity equations for the
individual mass densities of O2, CH4, H2O, and CO2. Perfect gas is
assumed. The equations written in conservation form are as follows:

@�w

@t
� @�f
@x
� @�g
@y
�
@�f�
@x
�
@�g�
@y
� �s (1)

where w is the vector of the conservative variables of mass,
momentum, and energy; the vectors f andg are the inviscidfluxes; f�
and g� the viscous fluxes; and s is the source term. These terms are
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In the preceding equations, t is time; �n is the density for species n,
where 1 � n � N, and N is the total number of species; p is the
pressure; � is the molecular viscosity; and u and v are the flow
velocity components in the x and y directions, respectively. Other
quantities are defined in the following equations:
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where �ij is the shear stress tensor (the standard tensor notation is
used: the subscript indices i and j take either value 1 or 2 to represent
the x and y components, respectively; h0n is the heat of formation of
species n at the reference temperature T0; Cpn is the specific heat at
constant pressure of species n,; Vdn � �udn; vdn� is the diffusion
velocity of species n; andDn is the diffusion coefficient. Because we
assume unity Schmidt number and Prandtl number,Dn � �=� for all
species. Cpn and hn vary with temperature; they are given by the
NASA polynomials.

Methane (CH4) is used for the current computations, although the
method is not restricted to only one type of fuel. The combustion
process is described by a one-step overall chemical reaction as
follows:

CH4 � 2O2 � 7:52N2 ! CO2 � 2H2O� 7:52N2

The chemical kinetics rate for the fuel is

_! F ��WFAe
�Ea=RT �fuel�a�O2�b (13)

where the brackets � � represent molar concentration inmol=cm3,WF

is the molecular weight of fuel. For methane (CH4), the parameter
values [21] are A� 2:8 	 109 1=s, Ea � 48:4 kcal=mol, a��0:3,
and b� 1:3.

In the solution procedure, the average gas constant R, molecular
weight W, and viscosity coefficient � can be obtained by the
following equations:
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The molecular viscosity coefficient of each species �n is obtained
[22] by using the Sutherland law:
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where T0 is the reference temperature (298.15 K), and �0n is the
reference viscosity evaluated at T0.

Before discretization, Eq. (1) in the physical domain is
transformed to a uniform computational domain by the following
transformation relations:

�� ��x; y� , x� x��; �� (18)
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�� ��x; y� , y� y��; �� (19)

The transformed governing equation in the computational domain is
written as follows:
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where ŵ� w=J, f̂� ��xf� �yg�=J, ĝ� ��xf� �yg�=J, f̂��
��xf� � �yg��=J, ĝ� � ��xf� � �yg��=J, and J is the Jacobian of
the grid transformation. The transformation was employed for the
ease of treating curved walls and/or nonuniform meshes. Here, only
nonuniform Cartesian meshes are used.

A flux-splitting algorithm similar to Steger andWarming’s [23] is
used for spatial discretization of the inviscid flux. The inviscid flux is
split into positive and negative parts according to the signs of the
local eigenvalues of the flux Jacobian. A second-order upwind
algorithm applied to the split inviscid fluxes yielded overshoots
across the mixing layer and causes nonphysical distribution in the
species mass fractions. To suppress the overshoots, a second-order
upwind total-variation-diminishing (TVD) scheme [24] is
employed; the van Leer limiter satisfying the TVD conditions [24]
is implemented in evaluating the derivatives of the split inviscid
fluxes. Second-order central differencing is used for the viscous flux
and a second-order Runge–Kutta multistage scheme is implemented
for time marching. Note that because an explicit time marching is
used, the size of the time step is limited by the very small grid size at
the center of the channel rather than the chemical source terms.

The numerical scheme was tested against flows with known
analytic solutions. Simulations of unsteady shock propagations show
excellent agreement with the analytic solutions and excellent shock-
capturing capability. Viscous diffusion was also tested by simulating
an impulsive motion of a flat plate, and the exact transient solution
was recovered. Steady-state solutions for a laminar accelerating and
reacting mixing layer were compared with the solutions obtained by
Cai et al. [6], and excellent agreement was obtained. The numerical
simulations of a two-dimensional nonreactingmixing layerwere also
compared with a numerical study by Davis and Moore [12]. In our
simulations, the freestream velocity ratio is the same as that used in
their paper. Forced disturbances are used to excite the mixing layer,
and pairing andmerging of vortices are triggered by the subharmonic
frequencies. The study focuses on the effects of the fundamental
frequency with its subharmonics on the vortex dynamics. It was
found that the vortex-merging patterns, the number of vortices
involved in each merging, and the locations at which vortex merging
occurs agree very well with the results obtained byDavis andMoore.

III. Boundary Conditions

There are four boundaries in the computational domain; they are
the inlet, exit, and upper and lower walls. Values of the conservative
variable w and other physical properties must be known at the
boundaries at each time step for the closure of the finite difference
equations. For simplicity, inviscid boundary conditions are applied
on all boundaries.

A. Inlet Conditions for the Unforced Mixing Layers

At the inlet, the density, streamwise velocity, and mass fractions
are specified as hyperbolic-tangent functions and the cross-stream
velocity is set to zero. For example, u is specified as follows:
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�
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2��
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where � 
 �U1 � U2�=�U1 �U2�, �U 
 �U1 �U2�=2, and �� is a
reference value that is a measure of the mixing-layer thickness at the
inlet; �� has a value of 0.000125m in all cases. The density and mass
fractions are specified in the same manner. To reduce reflections of
waves at the inlet, the local one-dimensional characteristic equations
are solved [25,26] at the inlet for pressure. With this formulation,

pressure waves coming from the interior can pass through the inlet
plane, and other nonspecified quantities can be adjusted accordingly.

B. Inlet Conditions for the Forced Mixing Layers

Inlet disturbances of�,u, and v are prescribed at the inlet to perturb
themixing layers. Theflowvariables arewritten as the sumof amean
value and a fluctuating component as

�u; v; ���x� 0; y; t� � � �u; �v; ����y� � 	mRef�ûm; v̂m; �̂m��y�e�i!mtg
(22)

In the preceding equation, the first term represents the mean value,

which is denoted by ���, and the second term represents the real part of

the fluctuating component; �̂�m and !m are the eigenfunction and the
angular frequency of the unstable mode m, respectively. They are
determined from the linear stability analysis (see the Appendix). A
small real number 	m is used to adjust the magnitude of the
fluctuating component. A superposition of the fundamental
frequency and its first subharmonic frequency is imposed. The
mean quantities are specified at the inlet and held fixed in time, as in
the unforced case. Pressure is determined by solving the local one-
dimensional characteristic equations [26], and other properties are
determined by the thermodynamics relations.

C. Exit Conditions

For the cases without imposed streamwise pressure gradients, the
Mach number at the exit is subsonic; therefore, one condition at the
exit plane must be specified to maintain uniqueness and well-
posedness. At the exit plane, the average value of pressure across the
vertical or radial direction is specified. This allows a nonuniform
distribution of pressure at the exit plane. To allowpassage ofwaves at
the exit, the 1-D Lagrangian derivatives for �i, �u, and �v are set to
zero. For the cases with imposed streamwise pressure gradients, the
flows achieve supersonic speed at the exit; therefore, extrapolation of
variables from the interior is applied at the exit plane.

D. Side-Wall Conditions

For all cases, the side walls are treated as inviscid and
impermeable. Slip conditions are applied at the walls, the normal
component of velocity is zero at the walls, and the temperature
gradient in the normal direction is set to zero. The study is aimed at
examining the effects of mixing and reaction. So it is viewed as
inefficient to commit resources to the resolution of boundary layers
on the side walls.

IV. Computational Results

Mixing layers undergoing transition exhibit early development of
large coherent structures. In this paper, our main objective is to study
the transitional stage of accelerating and chemically reacting mixing
layers. For all the mixing layers considered in this paper, the onset of
instability occurs naturally as the flow evolves downstream, and
forced disturbances are not required for the instability to sustain. In
spite of the self-sustained instability, computations with forced
disturbances were also performed.

The computational domain is the straight channel shown in Fig. 1.
The length l of the channel is 0.1 m or 800 ��, and the height h is
0.06 m or 480 ��, where �� � 0:000125 m. The chosen
computational domain is actually the physical domain of interest.
In the present paper, we are performing numerical simulations on a
wall-bounded channel with finite dimensions rather than an infinite
domain; 481 and 361 grid points are placed in the streamwise and
transverse directions of the channel, respectively. The grid points are
nonuniformly distributed in such a way that finer grid points are
placed near the inlet and across the centerline of the channel. The grid
size in the y direction ranges from 1:13 	 10�5 m (9:04 	 10�2��) at
the centerline to 8:22 	 10�4 m (6.58 ��) at the side walls;
approximately 100 grid points are placed across the initial mixing
layer. The grid size in the x direction ranges from 9:18 	 10�5 m
(7:34 	 10�1��) at the inlet to 3:0 	 10�4 m (2.4 ��) at the exit. The
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481 	 361 grid is comparable with the 721 	 541 grid in resolving
the large coherent structures in the reactingmixing layers through the
straight channel. The computations for the coarse and fine grids were
carried out for approximately 1.2 residence time, so that most of the
transient effects were eliminated. The instantaneous mass fluxes of
H2O integrated in the cross-stream direction for the 481 	 361 grid
and the 721 	 541 grid at the same instant of time are shown in Fig. 2.
In general, good agreement between the two grids is observed, but
some smaller structures are resolved better using the finer grid. For
other flow variables such as the instantaneous temperature, good
agreement is obtained qualitatively, but the quantitative consistency
is slightly below of that in Fig. 2. Obtaining grid independence for
this transitional reacting flow is quite challenging due to the very fine
structures in the mixing region. A paper by Grinstein et al. [27] also
observed discrepancies in the development of a shear layer due to
grid resolution. From the grid-resolution studies, we confirm that the
qualitative behaviors among the four cases are consistent using
different grids, and we conclude that some grid dependence remains
with the chosen grid (481 	 361), but quantitative accuracy is
acceptable and qualitative accuracy is good.

Four cases of mixing layers in a straight channel are studied. The
densities of air and fuel are 2.19 and 6:67 kg=m3, respectively. The
initial pressure at the inlet is 10.26 atm. Because the pressure in the
channel will be smaller than the inlet pressure, which is below the
critical pressure of all species, no supercritical effects need to be
considered. Other flow conditions are summarized in Table 1. The
streamwise acceleration as is calculated by the change in velocity
(averaged for the two streams) and the residence time based on the
centerline length and the average velocity of the two streams. For all
cases, a Courant–Friedrichs–Lewy number of 0.5 is used, and
virtually identical results are obtained with smaller Courant–
Friedrichs–Lewy numbers. The nonaccelerating mixing layers are
discussed in Secs. IV.A and IV.B, and the accelerating mixing layers
are discussed in Secs. IV.C and IV.D.

A. Unforced Nonaccelerating Mixing Layers

Numerical simulations of nonaccelerating mixing layers passing
through a straight channel were performed. Both the nonreacting and
reacting mixing layers become unstable without imposed
perturbations. The flow patterns for both the reacting and

nonreacting cases are not precisely periodic; that is, the instantaneous
vorticity fields appear similar at different times, but the locations of
vortex pairings may not be the same at different times.

For the nonreacting mixing layer, the location at which roll-up
occurs varies with time. It is observed that the mixing layer starts to
roll up between x� 160�� to 200��. The instantaneous contours of
vorticity at 3.15 residence time for the nonreacting case are shown in
Fig. 3. At this instant of time, the roll-up of the mixing layer starts
approximately at x� 200��, followed by formation of discrete
clockwise vortices further downstream. The larger structure at x�
700�� illustrates an amalgamation of two neighboring vortices. Note
that this vortex merging occurs occasionally; every pair of
neighboring vortices would engage in merging had the subharmonic
frequency been imposed.

The same mixing layer but with chemical reactions is now
investigated; all the instantaneous results are evaluated at 2.14
residence time. Because of the chemical reactions, the temperature of
the reacting mixing layer increases tremendously, and the maximum
temperature in the combustion zone is found to be 3260 K. Note that
we do not consider dissociation, and so the temperature is higher than
practical values. The contours of temperature are shown in Fig. 4.
The flame is defined as the location at which a local maximum of
temperature in the transverse direction exists. The flame region is
indicated in the figure by the darkened area above the dividing
streamline, and it is clear that the flame region is biased to the hot-air
side. Because of the instability, the ignition region near the inlet
oscillates in the x direction, and the amplitude of the waviness of the
flame region grows with downstream distance. Multiple peaks in
temperature exist across themixing layer due to the unsteady vortical
motions.

We observed that the onset of instability occurs earlier for the
mixing layer with chemical reactions; roll-up typically occurs at
x � 80��, and the location varies with time. The instantaneous
contours of vorticity are shown in Fig. 5. The roll-up of the mixing
layer starts almost immediately downstream of the inlet, at which
ignition of the flame occurs. In this ignition region, high volumetric
expansion is found due to the heat release. The divergence termr � u
attains its maximum value in the ignition region; also, it induces
significant cross-stream velocities above and below the ignition
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Fig. 2 Instantaneous mass fluxes of H2O (kg/ms) for the reacting

mixing layers versus x locations; 481 � 361 (solid line) and 721 � 541

(dotted–dashed line). Fig. 3 Instantaneous contours of vorticity (1/s) for the nonreacting and

nonaccelerating mixing layer.

Table 1 Summary of the flow conditions for the straight channel (subscript 1 denotes air and subscript 2 denotes fuel)

Acceleration Reaction u1, m=s u2, m=s T1, K T2, K dp=dx, atm=m as�103g0s�
Case 1 no no 50 25 1650 300 0 �0
Case 2 no yes 50 25 1650 300 0 �0
Case 3 yes no 50 25 1650 300 �67 257
Case 4 yes yes 50 25 1650 300 �67 264
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region. Because the flow profiles are significantly altered due to the
chemical reactions, it is not surprising that the instability
characteristics is different from that for the nonreacting case.

Partly due to the increased viscosity caused by the heat release, the
vortices are not as distinct and appear to be more diffusive than those
in the nonreacting case. One of the most significant differences
between the nonreacting and the reacting cases is the generation of
counterclockwise vortices due to the chemical reactions. Regions of
positive vorticity are generated in the combustion zone as shown in
Fig. 5. The counterclockwise (positive) vortices propagate with the
more dominant clockwise (negative) vorticity underneath, and
stretching of the vortices causes parts of the negative vortices to
break up and engage in merging further downstream. The counter-
rotating vortices appear in the combustion regions in which local
minimum in density and local maximum in streamwise velocity
exist. Although there is no imposed streamwise pressure gradient in
the flowfield, a slightly favorable streamwise pressure gradient is
generated by the channeled flow itself due to the heat release. This
phenomenon can be explained by the classical 1-D flow with heat
addition in which streamwise acceleration is achieved without
changes in cross-sectional area. Because the lighter fluids in the
combustion zone experience relatively higher accelerations, a local
maximum in streamwise velocity is produced. The peaks in density
and velocity of the time-averaged flowfield are shown in Fig. 6.

To compare the instability between the nonreacting and reacting
mixing layers, we define a parameter that measures the ratio of the
turbulent kinetic energy to the mean kinetic energy as follows:

KE�x� �
R
h
0

������
q02

p
dyR

h
0 �q dy

(23)

where q� 1
2
��u2 � v2�, �q is the time average of q, and q0 � q � �q.

The integral is evaluated at fixed x locations. The results for various
cases are shown in Fig. 7. Note that the statistics of the urms’s also
show very similar trends as those in Fig. 7. The statistics for all the
cases shown have reached approximately time-independent states;
that is, the statistical data are gathered over sufficiently long periods
so that further extension of the sampling periods does not cause
significant changes in the results. For the nonaccelerating cases, the
data are gathered for approximately one residence time, which is 3–4
times as long as the period of the lowest dominant frequency at far
downstream locations. Excellent statistically independent results are
obtained in the upstream positions. The results are roughly
statistically time-independent in the far downstream positions

Fig. 5 Instantaneous contours of vorticity (1/s) for the reacting and

nonaccelerating mixing layer.
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Fig. 6 Time-averaged streamwise and density profiles for the reacting

and nonaccelerating mixing layer at x� 395��; velocity (m=s) and
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Fig. 4 Instantaneous contours of temperature (K) for the reacting and
nonaccelerating mixing layer.
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because of the longer period of the dominant frequency. The results
in Fig. 7 indicate that the turbulent kinetic energy is more energetic
for the reacting mixing layer, implying that the reacting mixing layer
is more unstable than the nonreacting mixing layer. The increased
instability also correlates with the larger spreading rate of the mixing
region for the reactingmixing layer observed from the vorticity or the
temperature contours. The destabilizing effects of the chemical
reaction are probably attributed to the modifications of the flow
profiles by the chemical reaction; the overshoot in the streamwise
velocity and undershoot in the density are of particular importance.
The local streamwise velocity peak induces vorticity of both signs;
the positive vorticity might impair the vortex-merging mechanism,
but the more dominant negative vorticity is also intensified by the
increased velocity gradient due to the overshoot. Also, the density
gradient has the effect of generating vorticity of both signs through
the baroclinic torque.

Thefinding of the destabilizing effect due to the chemical reaction,
however, is different from what other researches [17,19] have found
in which the reacting mixing layers showed reduced growth rate
compared with the nonreacting mixing layer. The discrepancy might
be due to the absence of large gradients of flow properties in the
transverse direction in those studies. For the paper by Soteriou and
Ghoniem [19], the freestreams of the mixing layers have the same
density and temperature, and the normalized enthalpy of reaction is
6. In this paper, however, the initial freestream density ratio (air to
fuel) is 0.33, the initial freestream temperature ratio (air to fuel) is 5.5,
and the normalized enthalpy of reaction ranges from 2.3 to 7.6
depending on the reference temperature and specific heat being used.
Because the density gradient in our study is much larger, the
baroclinic effect is more significant, resulting in a more pronounced
local velocity peak. Therefore, the instability characteristics could be
altered.

B. Forced Nonaccelerating Mixing Layers

In the unforced case, the unstable modes arise naturally due to the
development of the mixing layer, and the feedback effects between
the inflow and the interior via the propagation of acoustic waves.
Therefore, the frequencies of the unstable modes cannot be
controlled. In the forced case, the unstable modes are prescribed at
the inflow given by Eq. (22), and the effects of the forcing
frequencies on the vortex dynamics are investigated.

From the frequency spectrum of the unforced nonreacting mixing
layer, the most dominant frequency at positions before any merging
of vortices occurs is 4370 hz. This frequency is different from the
most unstable frequency (10,504Hz) predicted by the linear stability
theory (LST; see the Appendix) based on the inflow characteristic
thickness and flow profiles. In the LST, hyperbolic-tangent profiles
are assumed, viscosity is neglected, constant fluid properties in the
transverse direction are assumed, and the linear, inviscid calculation
is based on the initial thickness at the inlet plane. In the numerical
simulation, however, the thickness of the mixing layer increases in
the flow direction because of the viscous diffusion and mixing of the
species. Therefore, the observed most dominant frequency may not
be the same as the one predicted from the linear theory, especially for
the reacting case. It is important to point out that the higher frequency
predicted by the LST is present in the frequency spectrum of the
unforced case, however, it is not the most favorable unstable mode.
We chose the forcing frequencies in two different ways:

1) We choose the most unstable frequency (f0 � 4370 Hz) from
the unforced nonreacting mixing layer and its first subharmonic
frequency (f1 � 2185 Hz) as the forcing frequencies.

2) We choose the most unstable frequency (f0 � 10; 504 Hz)
from the LST and its first subharmonic frequency (f1 � 5252 Hz) as
the forcing frequencies.

Note that the use of a subharmonic frequency is intended to induce
vortex merging.

The patterns of the vortices in the forced nonreacting mixing
layers appear to be periodic and aremore predictable than those in the
unforced nonreacting mixing layer. In the unforced case, although
vortex merging occurs, the locations of merging and the number of
vortices that engage in merging vary with time. In contrast to the

unforced case, two vortices always engage in merging at the same x
locations in the forced cases. The vorticity contours for the case with
forcing frequencies f0 � 4370 Hz and f1 � 2185 Hz are shown in
Fig. 8. Two neighboring vortices start the merging at x 
 400�� and
complete the merging at x 
 520��; no more merging occurs further
downstream. This merging process repeats periodically. For the case
with forcing frequencies f0 � 10; 504 Hz andf1 � 5252 Hz, vortex
merging occurs further upstream, as shown in Fig. 9. Smaller discrete
vortices corresponding to the higher fundamental frequency are
formed between the inlet and x 
 120��. Every pair of these vortices
starts merging at x 
 150�� and completes the merging at
x 
 200��. After passing x� 400��, the discrete vortices diffuse and
merge into a vorticity layer. This vorticity layer rolls up occasionally
near the exit. The large structures that appear in the previous forced
case are absent here; therefore, the forcing frequencies determined
from the LST are not effective in inducing large coherent structures.

For the unforced reacting mixing layer, the most unstable
frequency at upstream positions is very close to that in the
nonreacting case. Therefore, the same forced disturbances
(f0 � 4370 Hz and f1 � 2185 Hz) used in the nonreacting case
are applied to the reacting mixing layer. The higher frequencies
predicted byLST are not considered because they are less effective in
inducing large-scale structures. In the unforced reacting mixing
layer, the development of the vortices does not seem to be periodic,
and the vortices appear to bemore diffusive or smeared. In the forced

Fig. 8 Instantaneous contours of vorticity (1/s) for the perturbed

nonreacting and nonaccelerating mixing layer (f0 � 4370 Hz and

f1 � 2185 Hz).

Fig. 9 Instantaneous contours of vorticity (1/s) for the perturbed

nonreacting and nonaccelerating mixing layer (f0 � 10; 504 Hz and

f1 � 5252 Hz).

CHENG, LIU, AND SIRIGNANO 2941



reacting mixing layer, the imposed disturbances do not significantly
improve the periodicity of the vortices as they do in the
corresponding nonreacting cases. Also, the vortex-merging
mechanism is similar to that in the unforced case. The positive
vortices propagate with the more dominant negative vortices
underneath, and parts of the negative vortices break up and engage in
merging further downstream. (see Fig. 10).

The preceding results show that the imposed disturbances provide
an effective way of manipulating vortex merging in the nonreacting
mixing layers, but have little effects on the reacting mixing layer.

C. Unforced Mixing Layers in a Converging–Diverging Channel

Mixing layers with or without chemical reactions under a strong
favorable pressure gradient are studied. The inflow conditions are the
same as those for the nonaccelerating mixing layers. The
instantaneous results for the nonreacting and the reacting cases are
presented at times of 2.64 and 2.48 residence time (same residence
time for the nonaccelerating case), respectively. Similar to the
unforced nonaccelerating cases, the flowfields are also not precisely
periodic in time.

The imposed streamwise pressure gradient accelerates the flow
tremendously. Because the channel is choked, the mixing layers
transit from subsonic speed to supersonic speed through the channel.
For the nonreactingmixing layer, the freestream velocities accelerate
from a Mach number�0:06 at the inlet to a Mach number�1:35 at
the exit, and the temperatures and densities drop accordingly.
Because the faster airstream is lighter than the fuel stream, the
airstream accelerates more than the fuel stream does and hence the
difference between the freestream velocities becomes larger with
increasing downstream distance. The increasing velocity difference
between the freestreams causes the amplitude of the peak vorticity to
increase. For this case, the amplitude of the peak vorticity is
approximately one order of magnitude as large as that in the
nonaccelerating case. Because of the intensified vorticity in the
accelerating mixing layer, one expects that the Kelvin–Helmholtz
instability is enhanced. On the contrary, it is observed that the
streamwise acceleration shows a delay in the development of the
unstable structures found in the nonaccelerating cases. The
instantaneous contours of vorticity shown in Fig. 11 indicate that the
roll-up of themixing layer ismuch delayed. The vortex layer does not
break into discrete vortices throughout the channel, and the flowfield
upstream of the waviness is quite steady in time. Also, the ratio of the
turbulent kinetic energy to the mean kinetic energy is much smaller
than that in the nonreacting and nonaccelerating case, as shown in
Fig. 7. Note that for the accelerating cases, the sampling period of the
statistics is about 10 times as long as the period of the lowest
dominant frequency far downstream, and statistically independent
results are obtained. To investigate the growth of the instability

further, we examine the absolute turbulent kinetic energy rather than
its ratio to the mean kinetic energy; that is,

KE��x� �
Z
h

0

������
q02

p
dy (24)

where q andq0 follow the same definitions in Eq. (23). The results for
all four cases are shown in Fig. 12. The absolute turbulent kinetic
energy for the accelerating and nonreacting mixing layer is, in fact,
one order of magnitude larger than that for the corresponding
nonaccelerating case. This reveals that the instability for the
accelerating case is more energetic than that for the nonaccelerating
case in the absolute sense, but the accelerating case is more stable
because the growth of the instability is outbalanced by the faster-
increasing mean kinetic energy due to the strong acceleration.

Similar to the nonreacting case, the freestreams of the reacting
mixing layers accelerate from low subsonic speed at the inlet to low
supersonic speed at the exit. However, due to the larger acceleration
of the fluids in the low-density combustion zone, a large local
maximum in the streamwise velocity is generated. This velocity peak

Fig. 10 Instantaneous contours of vorticity (1/s) for the perturbed
reacting and nonaccelerating mixing layer (f0 � 4370 Hz and

f1 � 2185 Hz).
Fig. 11 Instantaneous contours of vorticity (1/s) for the nonreacting

and accelerating mixing layer.

Fig. 12 Turbulent kinetic energy (J=m2); case 1 (solid line), case 2

(dashed line), case 3 (dotted–dashed line), and case 4 (dotted line).
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increases with increasing downstream distance, so that the velocity
differences between the peak velocity and the two freestreams
become larger. The instantaneous velocity and density profiles
across the transverse direction are shown in Fig. 13. Counter-
clockwise vorticity is generated above the velocity peak in the
combustion zone and clockwise vorticity is generated underneath.
Because of the larger velocity gradient below the velocity peak, the
clockwise (negative) vorticity is more intense than the counter-
clockwise vorticity (positive). The counter-rotating vortices are
shown in Fig. 14. The mixing layer is quite steady in the upstream
until roll-up of the vorticity layer occurs at x� 550��. The position
of this roll-up appears to be further upstream of that in the
corresponding nonreacting case, but further downstream of that in
the nonaccelerating and reacting case. By examining the ratio of the
turbulent kinetic energy to the mean kinetic energy in Fig. 7, we find
that the reacting and accelerating case is more unstable than the
nonreacting and accelerating case, but is more stable than the

reacting and nonaccelerating case. In terms of the absolute turbulent
kinetic energy shown in Fig. 12, the reacting and acceleratingmixing
layer indeed shows the largest amplitude among all four cases.
Similar to the corresponding nonreacting case, the perturbations,
however, do not grow as fast as the mean kinetic energy so that the
flow is stabilized by the acceleration. Consequently, we conclude
that the chemical reactions always destabilize the mixing layers, and
the streamwise acceleration always stabilizes the mixing layers.
Tearing of the vorticity layer occurs shortly after the roll-up, but
merging of like or unlike vortices does not occur within the channel
length. Note that although roll-up of the mixing layer occurs in the
supersonic regime, we found that the relative velocity of the large
structure in mixing zone is always subsonic; therefore, the flows
remain shock-free.

To gain better understanding of the vorticity dynamics, the
dominant terms in the vorticity equation are examined. Because the
flow is two-dimensional, the term associated with the deformation of
vortex lines vanishes, and the vorticity equation becomes

D!z
Dt
� 1

�2
r� 	 rp � !zr � u� viscous term (25)

We found that the viscous term is, in general, one order of magnitude
smaller than the other terms; therefore, we only focus on the
production of vorticity associated with the barotropic effects and the
divergence of the velocity field. For the accelerating mixing layers
with or without chemical reactions, our numerical results indicate
that the barotropic term [first term on the right-hand side of Eq. (25)]
is comparable in magnitude with the divergence term (second term
on the right-hand side of Eq. (25) without the negative sign), and in
the laminar region, both terms always have the same sign as the local
vorticity, but the barotropic term is always larger in magnitude. In
other words, those terms are actually competing against each other;
the barotropic effect intensifies the vorticity, but the effect of the
expansion weakens the vorticity (indicated by the negative sign in
front of the divergence term). Finally, the vorticity increases in
magnitude because the barotropic effect is more significant. The
instability can be investigated from the perspective of fluctuations in
the vorticity production terms. We first define the rms of the
barotropic term or the divergence term over time, which is a function
of spatial locations. Then the total rms is obtained by integrating the
rms in the transverse direction, which results in a function of x
locations only. The total rms of the barotropic term and the
divergence term for both the nonreacting and reacting cases with
acceleration are shown in Fig. 15. In general, the total rms for the
reacting case are more than one order of magnitude as large as the
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Fig. 13 Instantaneous streamwise velocity and density profiles for the

reacting and acceleratingmixing layer; streamwise velocity at x� 400��
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Fig. 14 Instantaneous contours of vorticity (1/s) for the reacting and

accelerating mixing layer.

To
ta

l r
m

s

200 400 600 800
1.82E+02

1.00E+07

2.00E+07

3.00E+07

4.00E+07

5.00E+07

6.00E+07

7.00E+07

δ θx /

Fig. 15 Total rms (1=s2) of the barotropic and the divergence terms;
case 3 barotropic term (solid line), case 3 divergence term (dashed line),

case 4 barotropic term (dotted–dashed line), and case 4 divergence term

(dotted line).

CHENG, LIU, AND SIRIGNANO 2943



total rms for the nonreacting case. This indicates that the reacting
case ismore unstable than the nonreacting case and is consistent with
the finding obtained from the previous analysis of kinetic energy. For
both the nonreacting and reacting cases, the total rms of the
barotropic term is larger than the total rms of the divergence term.

The chemical reactions and the streamwise pressure gradient
cause interesting development of the flame structure not seen in the
nonaccelerating case. The instantaneous contours of temperature are
shown in Fig. 16. The flame corresponds to the high-temperature
region indicated by the thin dark region that curves downward. In
general, the peak temperature drops with increasing streamwise
distance due to the thermal expansion under acceleration. The peak
temperature near the inlet is approximately 3280 K, and the peak
temperature at x� 500�� before roll-up occurs is approximately
2900 K. The flame is smooth initially but waviness develops
downstream due to the instability. As the flame propagates
downstream, stretching occurs and the flame tears into fragments
eventually. We define flame tearing as the condition in which the
local peak temperature drops below 2200 K. Because of the tearing,
there are regions in which flame extinctions occur and the reaction
rates become very low. To investigate the effect of streamwise
acceleration on the chemical reaction rate, we compare the average
formation ofH2O along the channel. We define the ratio of the mass
flow rate of H2O over the total mass flow rate as follows:

_m H2O
�
R
h
0
��H2O

�u dyR
h
0
�� �u dy

(26)

where ��� represents time-averaged quantity, and the integrals are
evaluated at fixed x locations. Because the products ofH2O andCO2

are formed, diffused, and advected in stoichiometric proportions, the
mass flux calculation in Eq. (26) indicates the amount of product that
was created in theflowup to a specified streamwise position. It can be
used as a measure of the efficiency of the chemical conversion
process (i.e., mixing plus chemical reaction). Figure 17 shows that
the formation ofH2O for the nonacceleratingmixing layer dominates
that for the accelerating mixing layer, except in a very small region
near the inlet. This implies that the mixing layer without streamwise
acceleration is more efficient in combustion. As the flow accelerates
through the channel, the mixing due to species diffusion is limited
because the residence time is significantly reduced, and hence the
chemical conversion rate decreases.

D. Forced Mixing Layers in a Converging–Diverging Channel

In this section, the effects of imposed disturbances on the
accelerating mixing layers are investigated. As in the non-

accelerating cases, the forcing frequencies are estimated from the
unforced cases. For the accelerating and nonreacting case, the
dominant frequency that corresponds to the waviness near the exit is
equal to 27,150 Hz; therefore, a fundamental frequency f0 of
27,150 Hz and its first subharmonic frequency f1 are chosen as the
forcing frequencies. For the accelerating and reacting mixing layer,
the roll-up of the vorticity layer begins at approximately 550 ��, and
the dominant frequency at that location is equal to 30,170 Hz. With
an intention to further excite the roll-up and induce vortex merging,
the fundamental frequency f0 at that location and its first
subharmonic frequency f1 are chosen as the forcing frequencies.
Note that the fundamental frequencies of the accelerating flows are
several times higher than those in the nonaccelerating flows because
the streamwise velocities in the accelerating flows are much higher.
For the nonreacting and accelerating mixing layer, the imposed
disturbances enhance the development of instability in the mixing
layer. The instantaneous contours of vorticity are shown in Fig. 18. It
is evident that the waviness of the vorticity layer is more pronounced
than that in the unforced case; however, breakup of the vorticity layer
as observed in the unforced accelerating and reacting case does not
occur. For the reacting and accelerating mixing layer, the effects of

Fig. 16 Instantaneous contours of temperature (K) for the reacting and

accelerating mixing layer.

ṁ
H

2
O

0 200 400 600 800
0

0.001

0.002

0.003

0.004

0.005 nonaccelerating
accelerating

δθx /

Fig. 17 Formation of H2O along the channel for the reacting mixing

layers.

Fig. 18 Instantaneous contours of vorticity (1/s) for the perturbed
nonreacting and accelerating mixing layer (f0 � 27; 150 Hz and

f1 � 13; 575 Hz).
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the imposed disturbances are not very obvious. The instantaneous
contours of vorticity for this case are shown in Fig. 19. Comparing
this with the corresponding unforced case, the upstream portion of
the vorticity layer appears more wavy, and the roll-up of the layer is
slightly enhanced at x� 500��. However, the imposed subharmonic
frequency does not induce any vortex merging, and the basic flow
physics for the forced and unforced cases remain the same.Again, the
effects of the imposed disturbances are not significant, and the value
of imposing perturbations is limited in our study.

V. Conclusions

Numerical simulations on nonaccelerating and accelerating
mixing layers with or without chemical reactions are performed, and
the effects of the chemical reactions and the favorable pressure
gradient are investigated. For the nonaccelerating and reacting
mixing layers, new structures (not found in the corresponding
nonreacting case) such as the local peak velocity in the combustion
zone and the counter-rotating vorticity are identified. The counter-
rotating vortices have also been observed by other researchers
[17,19]. One major difference with their findings is that they found
that the growth rate of the reacting mixing layer decreased due to the
heat release, but we found that the mixing region is thicker and the
instability of the reactingmixing layer ismore energetic, based on the
ratio of the turbulent kinetic energy to the mean kinetic energy. The
enhanced instability in our cases is probably caused by the modified
flow profiles: that is, the pronounced overshoot in the streamwise
velocity and the large density gradients in the transverse direction.

Accelerating mixing layers with or with chemical reactions show
stabilizing effects compared with their nonaccelerating counterparts.
The onsets of the roll-up of the acceleratingmixing layers weremuch
delayed; however, the absolute turbulent kinetic energies are actually
orders of magnitude larger than those for the nonaccelerating cases.
The stabilizing effect is still possible because the increase in themean
kinetic energy due to the acceleration is more dominant so that the
perturbations relative to the mean flow become less significant. In
accord with the nonaccelerating cases, the accelerating and reacting
mixing layer is also more unstable than the accelerating and
nonreacting case. The acceleration along with the chemical reactions
cause large overshoots inflowproperties across themixing layer, and
this reinforces the conjecture that the modified flow profiles are more
susceptible to instability. The streamwise acceleration also causes
the global volumetric conversion rate to decrease because of the
reduced residence time. Although the some small-scale structures are
not resolved due to the resolution of the grid, the instability

characteristics is unlikely to be altered because the instability is more
related to the mean flow profiles and the large-scale coherent
structures, which are well resolved on the current grid. The small-
scale structures, however, do affect the combustion process so that
the absolute chemical conversion rate may be affected, but the
comparisons for the four cases should still be valid.

The effects of forced disturbances were investigated. We found
that the forced disturbances do not induce new flow structures or
show new physics; therefore, we conclude that the use of forced
disturbances is not essential to our research.

Finally, the present numerical simulation could be extended to 3-
D. In a 3-D simulation, the spanwise variations of the flowfields will
be solved for and the geometry of the converging–diverging channel
could be modeled more accurately. The formation and evolution of
the streamwise vortical structures in an accelerating and reacting
mixing layer would be a very interesting problem for future studies.

Appendix: Linear Stability Theory

The linear stability equations are derived from the compressible
Euler equations [28]. The chemical and viscous termswere neglected
and uniform properties such as cp, cv, and 
 are assumed. The flow
variables are decomposed into a mean and a small perturbation.
Substituting the mean and perturbation quantities into the
compressible Euler equations, neglecting the products of small
perturbations, and making the assumption of parallel mean flow
� �v� 0; @ �u=@x� 0�, one arrives at the following linearized
equations:
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p0 � R ��T0 � R�0 �T (A5)

where ��� represents a mean quantity and � �0 represents a small
perturbation. The small perturbations are now modeled by the
general form of two-dimensional traveling waves. They are given by

�u; v; �; p; T�0�x; y; t� � �û; v̂; �̂; p̂; T̂��y�ei��x�!t� (A6)

where � is the wave number, and ! is the angular frequency. In
temporal analysis, � is real and! is complex. In spatial analysis, � is
complex and ! is real. In the present study, only spatial analysis is
considered. After substituting the traveling wave models into the
preceding linearized equations, the system of equations can be
reduced to a single first-order ordinary differential equation by the
method adopted by Day [28]. This method introduces a composite
variable �, defined as

� 
 i�p̂
v̂

(A7)

Now the final form of the linearized stability equation expressed in
terms of � is written as

d�

dy
� �
�g�� d �u

dy
�

�u � c � �2 ��� �u � c� � 0 (A8)

Fig. 19 Instantaneous contours of vorticity (1/s) for the perturbed

reacting and accelerating mixing layer (f0 � 30; 170 Hz and
f1 � 15; 085 Hz).

CHENG, LIU, AND SIRIGNANO 2945



where the complex phase velocity c and the new variable g are
defined as

c 
 !
�

(A9)

g 
 1

��
� � �u � c�

2


 �p
(A10)

The boundary conditions are determined from the asymptotic
behaviors of the linearized equations; they are

��y��1����
���
��

g

s
� �u � c� (A11)

In the spatial analysis, a known value of angular frequency ! is
input to the stability equation (A8) and the corresponding eigenvalue
� and the eigenfunction � are being sought. The mean-velocity and
density profiles are modeled by the hyperbolic-tangent functions as
follows:

u�y� � �U

�
1� � tanh

�
y

2��

��
(A12)

��y� � ��

�
1� 1 � s

1� s tanh
�
y

2��

��
(A13)

where � 
 �U1 � U2�=�U1 �U2�, �U 
 �U1 �U2�=2, �� 
 ��1�
�2�=2, s 
 �2=�1, and �� is a reference thickness. Equation (A8) is
integrated numerically by a fourth-order Runge–Kutta scheme.With
an initial guess of �, the integration starts from y�1 and�1with
the appropriate boundary condition (A11) and ends at y� 0. A
matching condition ��0�� � ��0�� is enforced at y� 0, and a
Newton–Raphson iterative method is used to update the value of �.
Convergence is obtained when j��0�� � ��0��j � 10�10, and the
values of � and � from the last integration are used to evaluate the
eigenfunctions.
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